
Exp Brain Res (1992) 88:685-690 

Brain Research 
�9 Springer-Verlag 1992 

Three-dimensional drawings in isometric conditions: 
relation between geometry and kinematics 

Joe T. Massey, Joseph T. Lurito, Giuseppe Pellizzer, and Apostolos P. Georgopoulos 
Philip Bard Laboratories of Neurophysiology, Department of Neuroscience, The Johns Hopkins University, School of Medicine, 
Baltimore, MD 21205, USA, and Brain Sciences Center, Veterans Affairs Medical Center, Minneapolis, MN 55417, USA, 
and Department of Physiology, University of Minnesota, Medical School, Minneapolis, MN 55455, USA 

Received June 21, 1991 /Accepted October 31, 1991 

Summary. Normal human subjects grasped a 3-D iso- 
metric handle with an otherwise unrestrained, pronated 
hand and exerted forces continuously to draw circles, 
ellipses and lemniscates (figure-eights) in specified planes 
in the presence or absence of a 3-D visual force-feedback 
cursor and a visual template. Under any of these condi- 
tions and in all subjects, a significant positive correlation 
was observed between the instantaneous curvature and 
angular velocity, and between the instantaneous radius of 
curvature and tangential velocity; that is, when the force 
trajectory was most curved, the tangential velocity was 
lowest. This finding is similar to that obtained by Viviani 
and Terzuolo (1982) for 2-D drawing arm movements and 
supports the notion that central constraints give rise to the 
relation between geometric and kinematic parameters of 
the trajectory. 
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Introduction 

A given end-point trajectory of arm movement either in 
free space or in two-dimensional space can theoretically be 
produced in a large number of ways. This is known as the 
problem of the excess of degrees of freedom of the motor  
system (Bernstein 1967). However, the motor  system does 
not seem to use all degrees of freedom available. Indeed, 
stable covariations between movement parameters have 
been documented (Soechting and Lacquaniti 1981; Viviani 
and Terzuolo 1982; Jeannerod 1984; Flash and Hogan 
1985; Soechting et al. 1986) which effectively reduce the 
number of degrees of freedom of the system. One such 
covariation relates to geometrical and kinematic proper- 
ties of the trajectory; namely, it has been shown that the 
tangential velocity covaries with the radius of curvature in 
2-D (Viviani and Terzuolo 1982) as well as 3-D (Soechting 
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and Terzuolo 1986) drawing movements. Lacquaniti et al. 
(1983) described this covariation as a two-third power law 
relating the instantaneous angular velocity A (t) and curva- 
ture C(t): 

A(t)=KC(t)  2/3 (1) 

where K is a constant. This law can also be written as a 
one-third power law relating the instantaneous tangential 
velocity V(t) and radius of curvature R(t) = 1/C(t): 

V(t) = KR(t) 1/3 R < oo. (2) 

This relation describes quantitatively the fact that the 
hand slows down when the trajectory is more curved. In 
the case of drawing an ellipse, the Eqs. (1) and (2) above 
imply that the vertical and the horizontal components 
of the movement are harmonic functions (Viviani and 
Cenzato 1985). Nevertheless, this law also holds for 
drawings of other kinds of simple geometrical figures (e.g. 
the number 8) as well as scribbles (Lacquaniti et al. 1983) in 
which the vertical and horizontal components of the 
movement are not harmonic functions. Though systematic 
departures from the one-third power law have been ob- 
served in relation to speed (Wannet  al. 1988) or develop- 
mental factors (Viviani and Schneider 1991), a power law 
(with a slightly different exponent) was in good agreement 
with the data also in these cases. 

What is the origin of this covariation between geomet- 
rical and kinematic parameters of the movement? Viviani 
and Terzuolo (1982) suggested that this covariation might 
emerge from central computational constraints pertaining 
to the translation of the movement trajectory into the 
appropriate motor  parameters. However, peripheral, bio- 
mechanical factors can also be involved. For  example, 
complex interactional forces (e.g. inertial, centripetal and 
Coriolis forces) are present during multijoint limb move- 
ments (Hollerbach and Flash 1982) and it has been shown 
that the viscoelastic properties of the limb contribute 
significantly to determine the kinematics of the actual end- 
point trajectory (Flash 1987; Warm et al. 1988). Thus the 
biomechanical properties of the arm, which include the 
oscillatory properties of viscoelastic bodies, may be 
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though t  to be involved in the re la t ion  between curva ture  
and  velocity. Final ly ,  the reduc t ion  of the speed when 
nego t ia t ing  a curve could  be p r o g r a m m e d  explicit ly,  for it 
decreases the centr ifugal  force due to the a rm iner t ia  and  
keeps the a rm on- t rack ,  which has an a p p a r e n t  adap t ive  
value. In  summary ,  c o m p u t a t i o n a l  and  b iomechan ica l  
constra ints ,  as well as adap t ive  cons idera t ions ,  m a y  all 
account  for the cova r i a t ion  between geometr ic  and  kine- 
mat ic  pa rame te r s  of the movement .  I t  is then interes t ing to 
test this re la t ion  in condi t ions  wi thou t  over t  movement s  of 
the arm,  in which the t ra jec tory  is defined in i sometr ic  
force space and  in which the iner t ia  of the a rm is no t  a 
per t inent  p a r a m e t e r  for the p roduc t i on  of  the t ra jectory:  if 
the covar i a t ion  between curva ture  and  veloci ty is still 
present ,  then it m a y  indeed or ig inate  from central  com-  
pu t a t i ona l  constra ints .  W e  tested this idea  in the present  
exper iments  and  found  tha t  curva ture  and  veloci ty are still 
cor re la ted  under  i sometr ic  condi t ions .  P re l iminary  results 
were r epor t ed  (Lur i to  et al. 1990). 

Methods 

Subjects 

Twenty-six healthy, unpracticed human subjects (6 females and 20 
males) participated in this experiment. Subjects performed the task 
with their preferred hand; all subjects but one were right-handed. 

Apparatus 

The experimental apparatus consisted of a 3-D isometric manipu- 
landnm and a color video monitor on which stereographic figures 
and a force-feedback cursor could be displayed. The devices and 
methods for generating the stereograms were described previously 
(Massey et al. 1988, 1991). Briefly, the manipulandum was a vertical 
T-shaped metal handle which the subjects grasped with the hand 
pronated. The vertical rod was 18 cm long and was mounted 
perpendicular to the plane of three load cells. The force exerted in 
each of the three axes (X, Y and Z) was digitized and sampled every 
10 ms. The maximum force range of the load cells was _+ 2000 gin- 
force with a measured accuracy of _+4 gm-force. A force-feedback 
cursor could be displayed in correspondence to the forces exerted on 
the manipulandum; 100 grn-force produced a displacement of the 
force-feedback cursor of 1 cm. Figures and cursor, when present, 
were displayed on the color monitor as anaglyphic stereograms 
viewed by the subjects through appropriate filters (Massey et al. 
1988). 

Subjects sat comfortably with the chin in a chin rest. The chair 
height, chin rest and display position were individually adjustable. 
The manipulandum was placed in front of the subjects at the 
midsagittal plane and approximately at the elbow level with the 
upper-arm along the body. 

Behavioral task 

Subjects grasped the manipulandum with the hand pronated and the 
fore- and the upper-arm unrestrained. They were asked to exert force 
to draw continuously, at a self-chosen rhythm, ellipses or lemniscates 
(figure-eights) in a frontal (XZ), horizontal (XY) or sagittal (YZ) 
plane. In some cases a figure and the force-feedback cursor were 
presented on the screen; however, the subjects were instructed not to 
attempt to trace exactly the form and size of the figure but, instead, to 
make continuous, rhythmic motions in duplicating the type of the 

figure. In other cases no figure or cursor were presented, but the 
subjects were instructed verbally concerning the type of the figure 
and the plane in which to draw it. Not all subjects produced every 
figure or performed under both visual conditions. Trials usually 
lasted ten seconds. Data were recorded during the last five seconds, 
after the subject reached a stable rhythm. 

Data analysis 

The force data were smoothed using a digital filter with a low-pass 
cut-off of 15 Hz. Instantaneous force velocity and acceleration were 
obtained by digital differentiation using a five point polynomial 
approximation. The instantaneous angular velocity A and curvature 
C were computed and the generalized power law was tested: 

A(t) = KC '(t) p (3) 

where K is a constant, C'(t)=l/R'(t) ,  R'(t)=R(t)/(l+~), and 
c~= 10 -* (see below). Equation 3 is linear in a log scale: 

1Oge (A) = 1Oge (K) + filoge(C') (4) 

where log, indicates the natural logarithm. (In the remaining of the 
paper "log" is used instead of"logo".) We used R'(t) instead of R(t) in 
order to deal with data points in which the curvature tended to zero; 
the constant a was chosen to be arbitrarily small. 

The instantaneous tangential velocity and radius of curvature 
were computed and the corresponding power-law was tested: 

V(t)=KR'(t) ~ (5) 

where K is a constant. Equation 5 is linear in a log scale: 

log (V) = log(K ) + 6log(R') (6) 

The strength of the relations (Eqs. 4 and 6) was quantified by 
calculating the correlation coefficient r. 

Results 

General 

Examina t i on  of  the da t a  revealed tha t  the subjects exerted 
3-D forces which general ly  r ep roduced  the ins t ructed  
figures and  were smoo th  and obvious ly  per iodic  with 
average frequencies ranging  from 0. t4 to 2.86 Hz, and  with 
an average of 0.87 Hz  for the circles and  ellipses and of 
0.90 Hz  for each loop  of the lemniscates.  The average t ime 
taken  to comple te  a relat ively s imple figure (circle or  
ellipse) was less than  tha t  to comple te  the lemniscates,  
1.55 s and  2.57 s respectively.  F o u r i e r  analyses  of da t a  
samples  ind ica ted  that,  in general ,  the second ha rmon ic  
was very small  and  tha t  higher  ha rmonics  were not  
present.  Average force velocities ranged  from 800 to 
14000 gm-force/s  and  average per imeters  from 1632 to 
23 040 gm-force. 

An example  of force t ra jector ies  is shown in Fig. 1. In  
the left column,  the force t ra jector ies  are shown in per-  
spective view. The pro jec t ions  of the t ra jector ies  on to  the 
three card ina l  p lanes  are  shown in the r ight  panel.  The 
da t a  i l lus t ra ted were ob ta ined  from the same subject  who 
was ins t ruc ted  to d raw an ellipse in the sagi t ta l  (YZ) plane 
(top row), a lemniscate  in the f rontal  (XZ) plane (middle 
row), and  a lemniscate  in the sagi t ta l  (YZ) p lane  (bo t tom 
row). The  ins t ructed  shapes are shown by solid lines 
whereas  the da t a  points ,  collected every 10 ms, are shown 
as dots.  The ar rows indicate  the d i rec t ion  of drawing.  I t  
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Fig. 1. Force trajectories performed by one subject are shown as spatial plots. See text for explanation 
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can be seen that instructed shapes were generally repro- 
duced in the planes specified but distortions were also 
present. In this paper we concentrate on the relations 
between geometric and kinematic parameters of the trajec- 
tories; the spatial aspects of the figural trajectories will be 
considered elsewhere. 

Relation between 9eometric and kinematic parameters 

In the first row of the Fig. 2 a different set of data is 
illustrated, and in the second row, the XYZ components of 
force for these data are plotted against time. The relation 
between geometric and kinematic parameters for these 
data are presented in the Fig. 3. In the left panel of the first 
row, the angular velocity (solid line) and curvature (dashed 
line) are plotted against time; it can be seen that they 
clearly covary. This covariation is documented in the right 
panel, which shows a scatter plot between these two 
variables. In this case the regression equation was: 

log(A)  = - 0.196 + 0.707 log (C ' )  (7) 

(r = 0.863) 

or, equivalent ly,  

A(t) = 0 .822C' ( t )  ~176 . (8) 

In the left panel of the second row, the log-transformed 
tangential veloci ty  (solid line, labeled V) and radius of 
curvature (dashed line, labeled R) are plotted against time. 
In the scatter plot  on  the right panel, in which these two 
variables are plotted against each other, the regression 
equation was: 

log(V)  = - 0.412 + 0.325 log(R ' )  (9) 

( r=0 .815)  

or, equivalent ly,  

V (t) = 0.663 R'( t )  ~ (10) 

The covariation between the angular velocity and 
curvature, and between the tangential velocity and the 
radius of curvature was observed in all subjects and under 
all conditions. The frequency distribution of the exponent 
for the first relation above and for the whole set of data 
(N = 202 cases) is shown in Fig. 4. The mean ( +  SD) of  
the exponent was 0.763+0.094 for the first relation, and 
0.326 +0 .093  for the second one. 
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Fig. 2. Force trajectory performed by one subject. Firs t  row: spatial plots (as in Fig. 1), Second  row: the XYZ components of force are plotted 
against time 
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Fig. 3. Relation between geometric and kinematic parameters for 
the data presented in Fig. 2. First row, left panel: the log-transformed 
angular velocity (solid line) and curvature (interrupted line) are 
plotted against time. First row, right panel: these two variables are 

plotted against each other. Second row, left panel: the log-trans- 
formed tangential velocity (solid line) and radius of curvature 
(interrupted line) are plotted against time. Second row, rioht panel: 
these two variables are plotted against each other 

It can be seen in the scatter plots in Fig. 3 that the 
relation o f  A vs. C (first row) is more  tight than that of  V 
vs. R (second row); indeed, the cluster is tighter and the 
correlat ion coefficient higher in the first case. This  was 
consistent ly  observed in 200/202 (99%) cases. 

Discussion 

The major  finding of  this study is that the covariat ion 
between tangential  velocity and radius of  curvature ob- 
served by Viviani and Terzuo lo  (1982) for drawing move -  
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Fig, 4. Frequency distribution of exponents obtained for the rela- 
tion between the angular velocity and the curvature (see Eq. 3) and 
for the whole set of data (N=202) 

ments of the arm is also present under isometric condi- 
tions, that is when trajectories were in force space, in the 
absence of movement of inertial loads. Moreover, the 
average value (0.326) of the exponent in the power law 
(Eq. 3) was close to 1/3 (see Eq. 2) and therefore similar to 
the value frequently obtained in arm movement experi- 
ments. This finding suggests that the covariation between 
geometric and kinematic parameters is of central origin 
and cannot be attributed to peripheral biomechanical 
factors arising from moving the inertial load of the arm; 
such factors may contribute but they are not of primary 
importance for the existing relation. 

It is interesting that the relation between angular 
velocity and curvature was stronger than the one between 
tangential velocity and radius of curvature. This suggests 
that the angular velocity may be a crucial parameter for 
the generation of the motor command. 

Neural constraints for changing direction 

Two properties of the relation between geometric and 
kinematic parameters of the trajectory are captured in the 
Eqs. (1) and (2), and in their general expression (3) and (5). 
One is related to a global property of the movement (viz 
the tempo) and depends on the gain factor K. The other 
one is related to the local differential properties and is 
expressed by the power law itself and its exponent. As we 
suggest below, both of these properties can be tentatively 
related to neural constraints. 

Global properties. Making a curve in a trajectory involves 
changing direction; and changing or specifying direction is 
a time-consuming process. For example, precuing for 
movement direction results in substantial savings in reac- 
tion time (Rosenbaum 1980). Moreover, increases in reac- 
tion time have been observed in tasks in which the 
direction of the movement relatively to a visual target 

(Georgopoulos and Massey 1987) or the orientation of a 
visual image (Shepard and Cooper 1982) have to be 
transformed. These tasks seem to involve a mental rota- 
tion (i.e. change of direction). It is interesting to note that 
the average rate of rotation for movement and letter- 
rotation tasks are correlated across subjects, which sug- 
gests that these tasks share common processing con- 
straints (Pellizzer et al. 1991). The neural correlates of the 
movement-rotation task were studied in monkeys by 
recording the activity of single cells in the motor cortex 
while the animals planned movements at 90 ~ counter- 
clockwise (CCW) from a stimulus direction (Georgo- 
poulos et al. 1989). The results were analyzed using the 
neuronal population vector (Georgopoulos et al. 1983) 
which is a measure of the directional tendency of the 
neuronal ensemble in both movement (Georgopoulos 
et al. 1983, 1984, 1986, 1988; Kalaska et al. 1989; Caminiti 
et al. 1990) and isometric (Taira et al. 1991) tasks. In 
pointing movements, the population vector, calculated 
every 20 ms during the RT, points in the direction of the 
upcoming movement (Georgopoulos et al. 1984, 1988). 
During the RT of the 90~ task, the population vector 
pointed initially in the direction of the stimulus and then 
rotated in a linear fashion by approximately 90~ to 
point in the direction of the movement (Georgopoulos et 
al. 1989). Interestingly, the slope of the rotation of the 
population vector was in the same range as the one 
observed in the RT vs. angle relation in human subjects 
performing the movement-rotation task; in recent ex- 
periments in two monkeys the average slope of the rota- 
tion of the population vector was 418 _+ 175~ (Lurito et al. 
1991). In summary, all of these results indicate that central 
processes involving change in movement direction operate 
at an average angular velocity (i.e. rotation rate) of ap- 
proximately 400~ Now, it is remarkable that in the 
present experiments the overall average cycle frequency 
was 0.9 Hz, corresponding to an average angular velocity 
of 400~ It is therefore possible that the average angular 
velocity when performing a curved trajectory simply re- 
flect a neural constraint, that is the average rate of rotation 
of the neuronal population vector. A corollary of this idea 
is the tendency for subjects to complete curved figures of 
different size at an approximately equal rate (i.e. isochrony 
principle). Indeed, it has been shown that in drawing 
circles of different sizes, the average tangential velocity 
increases almost proportionally to the perimeter so that 
the time taken to complete a whole circle is approximately 
constant (Viviani and McCollum 1983). The rate to com- 
plete a closed trajectory is approximately 1 Hz (Wann et 
al. 1988; Viviani and Schneider 1991) which is close to the 
average rotation rate of the population vector. 

Local properties. The instantaneous direction and length 
of the neuronal population vector seems to reflect, with a 
time delay, the instantaneous tangential velocity of the 
movement. Indeed, when a time series of consecutive 
neuronal population vectors are strung together the 
"neural" trajectory thus obtained is close to the actual 
reaching movement trajectory (Georgopoulos et al. 1988). 
Moreover, it has been shown by Schwartz and Anderson 
(1989) that when monkeys trace sinusoidal trajectories 
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with the hand,  the change  in t ime of the neurona l  popu la -  
t ion vector  predicts  well the co r respond ing  ensuing sinu- 
soidal  t ra jectory .  The  "neura l"  t ra jec tory  precedes the 
ac tua l  movemen t  t ra jec tory  with a de lay  of  app rox ima te ly  
150 ms (Geo rgopou lo s  et al. 1988; Schwar tz  1988). These 
f indings indicate  that  neura l  cons t ra in ts  p r o b a b l y  underl ie  
the observed  local  p roper t ies  of the re la t ion between 
geometr ic  and  k inemat ic  pa rame te r s  of d rawing  move-  
ments.  However ,  the neura l  basis  which would  expla in  
why this re la t ion  follows a power  law of  re la t ively cons tan t  
exponen t  remains  to be explored.  
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